We consider the two-player game defined as follows. Let (G, L) be a graph G with a list assignment L on its vertices. The two players, Alice and Bob, play alternately on G, Alice having the first move. Alice's goal is to provide an L-colouring of G and Bob's goal is to prevent her from doing so. A move consists in choosing an uncoloured vertex v and assigning it a colour from the set L(v). Adjacent vertices of the same colour must not occur. This game will be called game list colouring. The game choice number of G, denoted by ch g (G), is defined as the least k such that Alice has a winning strategy for any k-list assignment of G.
Introduction and notation
and Sopena [15] introduced an oriented version of this game and developed some techniques for bounding the oriented game chromatic number. The conjecture of Nešetřil and Sopena was proved by Kierstead and Tuza in [13] . Further references on graph colouring games and L-colourings can be found e.g. in [17] .
In this paper we are interested in another version of this game. We combine concepts of game and list colourings in the following way. Let (G, L) be a graph G with a list assignment L. Again the two players are Alice and Bob and they play alternately with Alice having the first move. Alice's goal is to provide an L-colouring of G and Bob's goal is to prevent her from doing so. A move consists in choosing an uncoloured vertex v and assigning it a colour from the set L(v). This game will be called game list colouring.
We say that (G, L) is game list colourable if Alice has a winning strategy. The game choice number of G, denoted by ch g (G), is defined as the least k such that Alice has a winning strategy for any k-list assignment of G. It is clear that this number is well-defined.
In Section 2 we present some basic properties of the game choice number and we investigate the relations between the game choice number, the game chromatic number and the choice number. In Section 3 we characterize the graphs whose game choice number is equal to two.
Preliminary results
From the definitions we immediately have the following relations:
The following result provides a sufficient condition for a graph with a list assignment L to be L-colourable.
Theorem 1 [18, 6] . Let G be a connected graph with a list assignment L satisfying the following conditions:
is game list colourable, i.e., there is a winning strategy for Alice.
A natural question arises: Can Theorem 1 be extended to the game list colouring? In general the answer is NO. To explain this, we need some notation.
Let (G, L) be a graph with |L(v)| ≥ d(v) for every v ∈ V (G) and let 
Let (P 4 , L 2 ) be the path with the list assignment L 2 (v) = {1, 2} for all v ∈ V (P 4 ). It is easy to see that Bob has a winning strategy on the graph G = P 4 ∪ H. Indeed, he can force Alice to be the first one who colours a vertex of the P 4 component; and then he can make P 4 uncolourable, by assigning the opposite colour at distance 2 from the firstly coloured one. If |V (H)| = n + 4, then Proposition 1 follows.
. Then Alice has a winning strategy.
Proof. Alice colours vertices of the set X (G,L) one by one until it gets completely coloured. It is possible because if v is a vertex of X (G,L) which is coloured by Alice in the k-th move, then in the set N (v) there are at most k − 1 vertices coloured by Alice and at most k − 1 vertices coloured by Bob. Since 2k For complete bipartite graphs we have χ g (K n,n ) = 3 (n ≥ 2). From the next theorem it follows that for almost all complete bipartite graphs the game choice number is greater than the game chromatic number.
We will use the following notation. If Alice colours a vertex v with colour c at move k, then it will be denoted by A k := [f (v) = c]. Similarly, Bob's k-th move will be denoted by B k .
Proof. Let us denote the vertex classes of K n,n by X = {x 1 , . . . , x n }, Y = {y 1 , . . . , y n }.
We split the 2k-element colour set {1, 2, . . . , 2k} into two disjoint k-sets C 1 = {1, 2, . . . , k} and C 2 = {k + 1, k + 2, . . . , 2k} and, as lists for the vertices, we take the (k + 1)-subsets that are split equally or almost equally between C 1 and C 2 . If k + 1 is even, equal split is possible, each of the selected (k + 1)-subsets will contain elements of C 2 . Assign each of these (k + 1)-subsets of colours to one vertex of the set X and to one vertex of the set Y .
To prove the theorem it is enough to find a winning strategy for Bob. We construct it as follows. By symmetry, assume that Alice colours in the first move a vertex of X with a colour from its list, say A 1 := [f (x 1 ) = c] and c ∈ C i (i = 1 or i = 2). During the first part of the game (at most k moves of Bob), Bob will play on the set X (because Alice started to colour a vertex of X). Bob's goal is to achieve a situation where at least colours of C 2 appear in X. If he can do so, then in the remaining part of the game the attempted choice by Alice must fail in the set Y because the entire list of some vertex y j ∈ Y is excluded by the partial colouring constructed on X.
If k is odd then Bob in the first move chooses an uncoloured vertex x j and assigns a colour from L(x j ) which is not in C i . If k is even then Bob chooses for x j a colour from C i . Having done so, an even number of non-used colours remain in both C 1 and C 2 . Then, if in any one later step Alice colours a vertex of Y with a colour c ∈ C i (i = 1 or i = 2) then Bob colours a vertex of X which can be coloured with a new colour of the same C i . Otherwise, if Alice colours a vertex of X then Bob again chooses an uncoloured vertex of X and assigns any new colour different than previously used by Alice and himself. The large number of vertices implies that Bob can follow this rule until more than half of C 1 and not less than half of C 2 appear in X.
Let G be the r-partite graph K t 1 ,t 2 ,...,tr such that t 1 = t 2 = ... = t r = 2. In [6] it has been shown that the choice number of G is equal to r. It is easy to see that for this graph we have χ g (G) = ch g (G) = ∆(G) + 1 = 2r − 1, because Bob can repeat the colour assigned by Alice in each step, colouring the unique vertex nonadjacent to the latest choice of Alice. From the next theorem it follows that if one of the independent sets contains at least three vertices then ch g (K t 1 ,t 2 ,...,tr ) ≤ ∆(K t 1 ,t 2 ,...,tr ).
Proof. Let (G, L) be the r-partite graph that satisfies the assumptions of the theorem, with a t-list-assignment where t = ∆(K t 1 ,t 2 ,...,tr ). Let V 1 , V 2 , ..., V r be its independent sets and let V 1 = {v 1 , v 2 , v 3 }. We shall describe a winning strategy for Alice.
If there is a colour c such that
In the second move Alice colours v 2 or v 3 with the colour c. Let C be the set of coloured vertices after Bob's second move.
satisfies the assumptions of Lemma 1 and then Alice wins.
Suppose that Suppose
Case 2. In the first move Bob colours a vertex of
then by Lemma 1 Alice has a winning strategy. Assume that Bob colours the vertex v and
3
A characterization of graphs with game choice number two
In this section we shall characterize the graphs for which Alice has a winning strategy in the game list colouring for any 2-list assignment.
The following proposition trivially holds. Let us denote by H 1 and H 2 the 5-vertex graphs exhibited in Figures 1 and 3 , respectively.
Lemma 2 If ch g (G) = 2 then G does not contain any graph of the set {H 1 , P 5 , K 2,3 , H 2 } as an induced subgraph.
Proof. Suppose that G contains an induced subgraph H isomorphic to H 1 . Let us denote the vertices of H as in Figure 1 . Let L be the 2-list-assignment such that L(v) = {1, 2} for v ∈ V (H) and L(u) = {3, 4} for u ∈ V (G)−V (H). We will give a winning strategy for Bob. If in the first move Alice colours a vertex v of H then Bob colours the vertex w of H such that N H (v) ∩ N H (w) = Ø using another colour than Alice did. Thus a third colour is necessary to colour the common neighbour of v and w. If in the first move Alice colours a vertex v of G − H then Bob chooses the vertex x 1 of H and he puts
After the second move of Alice, Bob colours a vertex w ∈ V (H) with N H (w) ∩ N H (u) = Ø (u is a vertex coloured by Alice or Bob) using a colour different from the colour of u. Such w can be chosen, no matter which vertex has been coloured by Alice (e.g., if Alice has coloured x 5 , then Bob can consider u = x 1 and w = x 2 ). Then a third colour is necessary to colour the common uncoloured neighbour of w and u. Suppose that G contains an induced subgraph P isomorphic to P 5 . Let V (P ) = {x 1 , x 2 , x 3 , x 4 , x 5 } and E(P ) = {x 1 x 2 , x 2 x 3 , x 3 x 4 , x 4 x 5 }. Let L be the 2-list-assignment such that L(v) = {1, 2} for all v ∈ V (P ) and L(u) = {3, 4} for all u ∈ V (G) − V (P ). If Alice colours x i with colour j ∈ {1, 2}, the next move of Bob is to colour x i−2 or x i+2 with 3 − j. Otherwise, if Alice colours a vertex of G − P , Bob puts colour 1 on x 3 , and then the colour 2 on x 1 or x 5 in his next move.
Suppose that G contains an induced subgraph K isomorphic to K 2,3 . Let us denote the vertices of K as in Figure 2 . Let L be the 2-list-assignment such that L(v) = {4, 5} for v ∈ V (G) − V (K) and as given in Figure 2 for the vertices of K. Suppose that in the first move Alice colours a vertex v of K. Then Bob chooses the vertex w such that N H (v) ∩ N H (w) = Ø. It is easy to see that Bob can colour w from its list such that the common neighbour of v and w cannot be coloured. Now, suppose that in the first move Alice colours a vertex v of G − K. Then Bob's move is B 1 := [f (x 1 ) = 1]. This leaves the path x 3 x 2 x 4 with the reduced lists {3}, {3, 4}, {4}, which is not list-colourable, no matter how Alice and Bob play afterward. Suppose that G contains an induced subgraph H isomorphic to H 2 . Let us denote the vertices of H and its 2-list-assignment L as in Figure 3 and let L(v) = {3, 4} for v ∈ V (G) − V (H). Assume that in the first move Alice colours a vertex of H. We may assume that Alice colours neither x 1 nor x 3 , otherwise Bob can make a move after which the vertex x 2 cannot be coloured. Suppose that Alice chooses the vertex x 2 . If she puts Let in the process of the game list colouring the graph G be partially coloured. We introduce the following notation. Let C be the set of coloured vertices and U be the set of uncoloured vertices. For any vertex v we will denote N C (v) = N (v) ∩ C and N U (v) = N (v) ∩ U . We will say that the vertex x is safe if x is uncoloured and |L(x) −
The definition immediately yields the following Proposition 3 Suppose that in the process of the game list colouring a graph G is partially coloured. If all uncoloured vertices of G are safe then Alice wins.
Now we will consider a game list colouring but with the first move of Bob. The rest principles of the game are the same: Two players Alice and Bob play alternately but Bob has the first move. Alice's goal is to provide a proper list colouring of the graph and Bob's goal is to prevent her from doing so. We shall refer to this version as B-game list colouring. The original version, i.e. Alice moving first, will sometimes be called the A-game.
If Alice has a winning strategy on H in the B-game then in some situations she can use it for finding a winning strategy on a larger graph G, which contains H such that |V (G) \ V (H)| is odd. Let k be an integer and G be a graph such that G = G 1 ∪ G 2 and |V (G 1 )| is odd. If Alice has a winning strategy in the A-game on G 1 with k colours and she also has a winning strategy with k colours in the B-game on G 2 then she can obtain a winning strategy on G in the following way: First Alice marks the vertex of G 1 according to her winning strategy on G 1 . After that she plays on G i (i = 1 or i = 2) if and only if Bob has played on G i in his previous move. In each move she follows her winning strategy in the A-game or B-game, according as i = 1 or i = 2.
Lemma 3 Alice has a winning strategy in the B-game list colouring on P 4 .
Proof. Let V (P 4 ) = {x 1 , x 2 , x 3 , x 4 } and E(P 4 ) = {x 1 x 2 , x 2 x 3 , x 3 x 4 }. Bob has the first move.
Suppose that Bob's move is
then Alice colours the vertex x 3 with the colour from L(x 3 ) which is not in L(x 2 ). After this move all vertices of P 4 are safe; then by Proposition 3 Alice wins. Now assume
Otherwise Alice can colour x 3 with any colour of L(x 3 ) and after her move all vertices of P 4 are safe.
If Bob's move is B 1 := [f (x 2 ) = a] then Alice colours x 3 using another colour than Bob did. Then all vertices of P 4 are safe. The lemma follows.
Since ch g (P 4 ) = 3, we also have Now assume that Bob starts. It is easy to see that Bob can win, as in the first move he can colour the vertex x 1 using colour a and then the rest is uncolourable. Since Alice has a winning strategy on any star forest in both the A-game and B-game list colourings, we obtain the main result of this section.
Theorem 4 Let G be a graph with at least one edge. Then ch g (G) = 2 if and only if G is a star forest or G = kP 4 ∪ tC 4 ∪ H, where k ≥ 0, t ∈ {0, 1} and H is a star forest of odd order. 
